Abstract-A piecewise-linear 4-D autonomous system with hyperchaotic behavior is proposed. The system is analyzed by constructing a 2-D return map. We describe this map explicitly and give theoretical evidence for hyperchaos generation. An implementation example is also provided, and its chaotic behavior is demonstrated.
I. INTRODUCTION
H YPERCHAOS has been introduced by Rössler [1] . It is usually characterized as a chaotic attractor with more than one positive Lyapunov exponent, and requires at least a four-dimensional state space in the case of autonomous systems.
Hyperchaos phenomena are related to important basic nonlinear problems such as classification of chaos, recognition of chaos, and chaotic scenarios. Engineering applications, for example, hyperchaos-based communication [2] - [4] , have also been proposed and analyzed. Some interesting hyperchaos generators were demonstrated and their dynamics have been investigated extensively in [5] - [7] . In these previous works, however, no theoretical evidence for hyperchaos generation has been provided. We have proposed some hyperchaos generators with piecewise-linear hysteresis elements and have investigated them using numerical experiments [8] - [10] . In [11] some theoretical results for chaos from a 4-D autonomous system have been derived. However, the analysis is complicated and hyperchaos generation cannot be guaranteed. The theoretical analysis of such systems is rather complicated because of the complexity of the system. More simple models are desired in order to make an easy analysis possible. This paper proposes a 4-D piecewise-linear system that exhibits hyperchaos. The system consists of one 2-D linear subsystem, one 1-D linear subsystem, and one nonlinear controlled switch with memory: the switching relates to the fourth state. The system dynamics is described by two symmetric 3-D linear equations connected to each other by the switching. We refer to the system as 4-D manifold piecewise-linear system (4MPL), because the system design is based on 3-D manifold piecewise-linear system discussed bin [12] , [13] . The system dynamics can be reduced to that of a 2-D return map that is noninvertible and is exactly piecewise linear. The 2-D return map can be described explicitly. Using the return map, we give theoretical evidence for hyperchaos generation, where we Manuscript received January 1997; revised May 1998. This paper was recommended by Associate Editor M. P. Kennedy.
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Publisher Item Identifier S 1057-7122(98)06495-2. define the hyperchaos as an attractor whose 2-D return map is stretching in almost all directions. A simple implementation example of the 4MPL is also proposed and its chaotic behavior is demonstrated. So, this paper provides the first circuit where hyperchaos is proven theoretically.
II. 4-D MANIFOLD PIECEWISE LINEAR SYSTEM
In this section, we propose a 4-D manifold piecewise-linear system (4MPL). The system diagram is shown in Fig. 1 , where the sampler samples sgn at any zero-crossing moment of and the hold stores the sampled value until the next zero-crossing of occurs. The system dynamics is described by the three dimensional state equations for for (1) , where denotes differentiation by normalized time and is a dummy variable in order to describe the switching fourth state. switches from to if the solution on hits and switches from to if the solution on hits . The subspaces and and half-plain and are depicted in Fig. 2 . For simplicity, we focus on the following parameter range: (2) 1057-7122/98$10.00 © 1998 IEEE 
where is an initial point and tan
. The upper sign refers to the solution on and the lower one refers to that on . In order to analyze the system dynamics, we introduce (see Fig. 2 ): 1) the equilibrium point , 2) the eigenspace corresponding to the real eigenvalue , 3) the eigenspace corresponding to the complex eigenvalues . Note that the vector field in is symmetric to that in . Now, we consider the trajectory starting from on , where is assumed. Since and are positive, this trajectory rotates divergently around and must hit at some positive time . At this moment, the state jumps to the corresponding point in , and the trajectory moves in . The system repeats this behavior and typical chaotic attractors are shown in Fig. 3 in 2-D (left) and 3-D (right) projections. Fig. 4 shows an implementation example. Here and are linear negative conductors and the switching positions and correspond to and , respectively. Fig. 5 shows some laboratory measurements which correspond to the attractors in Fig. 3 . The dependent switch is switched from to if and , and is switched from to if and . The switching of can be realized as shown in Fig. 4(b) . It can easily be shown that the circuit dynamics is described by (1) , if the following dimensionless variables and parameters are used:
III. 2-D PIECEWISE-LINEAR RETURN MAP
In order to derive the return map, we define the halfplanes (5) (see Fig. 2 ) and their union Noting that any trajectory starting from at will return to at , we can define a two dimensional map from to itself. Let be the starting point and let be the return point. Let any point on be represented by . Then is given by
If the values and are introduced into (3), we directly obtain explicit expressions for the functions and as shown in 
Now the system dynamics can be simplified regarding the 2-D piecewise-linear discrete system for ( Note that (7) for the return map is valid only for . The analysis for the whole parameter region is more complicated. We restrict ourselves to the parameter range (2) and consider hyperchaos generation. In this case, and are guaranteed on : the return map is stretching almost everywhere on and from (8) its two Lyapunov exponents are and . Therefore, in order to prove hyperchaos generation, it is sufficient that has an attractor such that We define hyperchaos as an attractor from the 2-D return map that is stretching in almost everywhere. This definition can guarantee positiveness of two Lyapunov exponents if they exist. However, rigorous proof for their existence is hard [14] . In Fig. 8 , hyperchaos generation is guaranteed theoretically in the shaded region: the region is derived in the next section.
IV. ATTRACTOR EXISTENCE REGION
In order to derive an attractor existence condition that can guarantee hyperchaos generation, we introduce a funnel-Like object in as shown in Fig. 9 . 1) Its surface is uniquely determined by an initial point [15] . By eliminating sinusoidal functions in (3) and introducing the parameter instead of , we obtain (10) where and . Any trajectory started from moves on until it hits .
2) The interior of is given by (11) where and . 3) The intersection of and (dotted region in Fig. 9 ) is given by (12) Note that (13) because any trajectory starting from moves in until it hits . Let and be symmetric objects of and , respectively. Following we introduce some notations which are used in Theorem 1 and depicted in Fig. 10 . Let be the edge of and let . They are given by
Using the intersection , we fix as the following. where and are symmetric objects of and , respectively. Condition (18) guarantees . Condition (17) is described by only three parameters and is satisfied in the shaded region in Fig. 8 .
V. CONCLUSION
We have proposed a 4-D manifold piecewise-linear system and have given a sufficient condition for hyperchaos generation. Finally, we enumerate the following future problems: 1) extension of Condition (17) for wider parameter range, 2) controlling hyperchaos and its engineering applications; 3) generalization of manifold piecewise-linear system; 4) classification of chaos; 5) analysis of bifurcation.
